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SOME DIMENSIONS OF DG POLYNOMIAL ALGEBRAS
X.-F. MAO AND M.-Y.ZHANG
Abstract. Assume that A is a cochain DG polynomial algebra such that its
underlying graded algebra A# is a polynomial algebra generated by n degree
1 elements. We determine the DG Krull dimension, the global dimension, the
ghost dimension and the Rouquier dimension of A.
1. introduction
Let k is an algebraically closed field of characteristic 0. This paper deals with DG
polynomial k-algebras, which are connected cochain DG algebras whose underlying
graded algebras are polynomial algebras generated by degree one elements. In
[MGYC], the differential structures and homological properties of DG polynomial
algebras are systematically studied. However, we still know very little about various
homological invariants of DG polynomial algebras.
In dimension theory for rings, it is well known that that the Krull dimension and
the global dimension of the polynomial ring k[x1, · · · , xn] are both equal to n. The
DG Krull dimension and the global dimension for DG algebras have been introduced
in [BSW] and [MW3], respectively. It is natural for one to be intensely curious about
the DG Krull dimension and the global dimension of DG polynomial rings. In group
theory, the terminology ‘class’ is used to measure the shortest length of a filtration
with sub-quotients of certain type. Avramov-Buchweitz-Iyengar [ABI] introduced
free class, projective class and flat class for differential modules over a commutative
ring. Inspired from their work, the first author and Wu [MW3] introduced the
notion of ‘DG free class’ for semi-free DG modules over a DG algebra A. In brief,
the DG free class of a semi-free DG A-module F is the shortest length of all strictly
increasing semi-free filtrations. For a more general DG module M , the first author
and Wu [MW3] introduced the invariant ‘cone length’, which is the minimal DG free
class of all its semi-free resolutions. The studies of these invariants for DG modules
can be traced back to Carlsson’s work in 1980s. In [Car], Carlsson studied ‘free
class’ of solvable free DG modules over a graded polynomial ring R in n variables of
positive degree. By [Car, Theorem 16], one sees that the cone length of any totally
finite DG R-module M satisfies the inequality clRM ≤ n. Note that the invariant
‘clRM ’ was denoted by ‘l(M)’ in [Car]. The invariant ‘cone length’ of a DG A-
module plays a similar role in DG homological algebra as the ‘projective dimension’
of a module over a ring does in classic homological ring theory (cf.[MW3]). The
left (resp. right) global dimension of a connected DG algebra A is defined to be
the supremum of the set of cone lengths of all DG A-modules (resp. Aop-modules).
The difficulty in the studies of the DG Krull dimension and the global dimension of
DG polynomial rings comes from the fact that these two invariants are determined
by a combination of the graded algebra structure and the differential system. Due
to the classifications of DG polynomial algebras in [MGYC], we show the following
theorem (see Theorem 4.2 and Theorem 4.4):
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Theorem A. Assume that A is a cochain DG polynomial algebra such that
A# = k[x1, · · · , xn] with |xi| = 1, i = 1, 2, · · · , n. Then DGdimA = n and
l.Gl.dimA = r.Gl.dimA =
{
n, if ∂A = 0
n(n−1)
2 , if ∂A 6= 0.
Christensen [Chr] introduces the invariant ‘ghost length’ for objects in trian-
gulated categories. This concept can be applied to complexes and DG modules.
The ghost length together with other invariants, including level, cone length and
trivial category, of DG modules are studied in [Kur1, Kur2, Mao]. In [HL1, HL2],
Hovey-Lockridge introduce the ghost dimension of a ring, which is defined as the
maximum ghost lengthes of all perfect complexes. One can naturally extend this
definition to DG algebras. Another important invariant of DG modules is called
level. In the derived category D(A) of a DG algebra A, the level of a DG A-
module M counts the number of steps required to build M out of A via triangles.
In [ABIM], some important and fundamental properties of the level of DG modules
are investigated. To study topological spaces with categorical representation the-
ory, Kuriayashi [Kur1] introduced the levels for space and gave a general method
for computing the level of a space and studied the relationship between the level
and other topological invariants such as Lusternik-Schnirelmann category. Later,
Schmidt [Sch] used the properties of level of DG modules to study the structure of
the Auslander-Reiten quiver of some important cochain DG algebra. In this paper,
we show that gh.lenAM + 1 = level
A
D(A)(M), for any compact DG A-module M .
This implies that Rouq.dimA = l.gh.dim(A)+1. Especially, we prove the following
theorem for DG polynomial algebras (see Theorem 6.2).
Theorem B. Assume thatA is a cochain DG polynomial algebra such that A# =
k[x1, · · · , xn] with |xi| = 1, i = 1, · · · , n. Then gh.lenAk = clAk = level
A
D(A)(k)− 1
and
l.gh.dim(A) + 1 = Rouq.dimA =
{
n+ 1, if ∂A = 0,
n(n−1)
2 + 1, if ∂A 6= 0.
2. Notations and some invariants of dg algebras
We assume that the reader is familiar with basic definitions concerning DG
homological algebra. If this is not the case, we refer to [FHT, MW1, MW2] for
more details on them.
2.1. Notations and terminology. Recall that a cochain DG algebra is a graded
k-algebra A together with a differential ∂A : A → A of degree 1 such that
∂A(ab) = (∂Aa)b + (−1)
|a|a(∂Ab).
And a cochain DG algebra A is called connected if A0 = k. In the section, A will
always be a connected cochain DG algebra over a field k, if no special assumption
is emphasized. We use
H(A) =
+∞⊕
i=0
ker(∂iA)
im(∂i−1A )
to denote its cohomology graded algebra. Given a cocycle element z ∈ ker(∂iA),
we write ⌈z⌉ as the cohomology class in H(A) represented by z. We denote Aop as
the opposite DG algebra of A, whose product is defined as a · b = (−1)|a|·|b|ba for
all graded elements a and b. Right DG modules over A can be identified with DG
Aop-modules. We write m as the maximal DG ideal A>0 of A. Via the canonical
surjection ε : A → k, k is both a DG A-module and a DG Aop-module. The
underlying graded algebra of A is written by A#.
SOME DIMENSIONS OF DG POLYNOMIAL ALGEBRAS 3
Let M be a DG A-module. We write M# as its underlying graded A#-module,
which is obtained by forgetting its differential. For any i ∈ Z, the i-th suspension
of a DG A-module M is the DG A-module ΣiM defined by (ΣiM)j = M j+i. If
m ∈M l, the corresponding element in (ΣiM)l−i is denoted by Σim. The action of
A on ΣiM is a (Σim) = (−1)|a|iΣi(am), for all graded elements a ∈ A and Σim ∈
ΣiM . The differential ∂ΣiM of Σ
iM is defined by ∂ΣiM (Σ
im) = (−1)iΣi∂M (m),
for all graded elements m ∈M . We set ΣM = Σ1M .
The category of DG A-modules is denoted by C (A) whose morphisms are DG
morphisms. The homotopy category K (A) is the quotient category of C (A), whose
objects are the same as those of C (A) and whose morphisms are the homotopic
equivalence classes of morphisms in C (A). The derived category of DG A-modules
is denoted by D(A), which is constructed from the category C (A) by inverting
quasi-isomorphisms ([We],[KM]).
Let M be a DG A-module. We say M is locally finite if each Hi(M) is a finite-
dimensional k-vector space. If H(M) is finite-dimensional as a k-vector space, then
we say M is totally finite (cf.[Car, Definition 12]). One sees that M is totally finite
if and only if it is both locally finite and homologically bounded. So it makes sense
to denote the full subcategory of D(A) consisting of totally finite DG A-modules
by Dblf (A). A DG A-module M is called compact if the functor HomD(A)(M,−)
preserves all coproducts in D(A). By [MW1, Proposition 3.3], a DG A-module
is compact if and only if it admits a minimal semi-free resolution with a finite
semi-basis. The full subcategory of D(A) consisting of compact DG A-modules is
denoted by Dc(A).
2.2. DG Krull dimension. In classical ring theory, the Krull dimension of a ring
is one of the most important invariants. In [BSW], this invariant was generalized
to DG rings. Recall that a DG ideal I ⊆ A is called prime if I# is a graded prime
ideal of A#. Let DGSpec(A) denote the set of DG prime ideals of A. According
to [BSW, Definition 2.5], the DG Krull dimension of A, denoted DGdimA, is the
supremum of lengths of chains of DG prime ideals of A.
2.3. Global dimension. Let F be a semi-free DG A-module. The DG free class
of F is defined to be the number
inf{n ∈ N ∪ {0} |F admits a strictly increasing semi-free filtration of length n}.
We denote it as DGfree classAF . Let M be a non-quasi-trivial DG A-module. The
cone length of M is defined to be the number
clAM = inf{DGfree classAF |F
≃
→M is a semi-free resolution of M}.
And we define clAN = −1 if H(N) = 0. These two invariants of DG modules
were introduced and studied in [MW3]. One sees that clAM is just the invariant
‘l(M)’ defined in [Car, Definition 9] when A is a DG polynomial algebra with zero
differential. According to [MW3, Definition 5.1], the left global dimension and the
right global dimension of A are respectively defined by
l.Gl.dimA = sup{clAM |M ∈ D(A)} and r.Gl.dimA = sup{clAopM |M ∈ D(A
op)}.
Remark 2.1. Note that clAM may be +∞. By the existence of Eilenberg-Moore
resolution, we have clAM ≤ pdH(A)H(M) and hence l.Gl.dimA ≤ gl.dimH(A).
2.4. Ghost dimension. A DG morphism f : M → N in D(A) is called a ghost
morphism if H(f) = 0. The concept of ‘ghost length’ was first introduced by
Christensen in [Chr]. Later, Hovey-Lockridge [HL1] and Kuribayashi [Kur1] applied
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this invariant to complexes and DG modules, respectively. A DG A-module M is
said to have ghost length n, written by gh.lenAM = n, if every composite
M
f1
→ I1
f2
→ · · ·
fn+1
→ In+1
of n+ 1 ghosts is 0 in D(A), and there is a composite of n ghosts from M that is
not 0 in D(A). We set gh.lenAM = −1 if M is zero object in D(A). In [HL1, HL2],
Hovey-Lockridge introduced and studied ghost dimension for rings. In a similar
way, we define the left ghost dimension of A as
l.gh.dim(A) = sup{gh.lenAM |M ∈ D
c(A)}.
Similarly, we can define the right global dimension of A as
r.gh.dim.A = sup{gh.lenAopM |M ∈ D
c(Aop)}.
2.5. Rouquier dimension. Let C be a subcategory or simply a set of some ob-
jects of D(A). We denote by smd(C) the minimal strictly full subcategory which
contains C and is closed under taking (possible) direct summands. And we write
add(C) (resp. add(C)) as the intersection of all strict and full subcategories of D(A)
that contain C and are closed under direct sums (resp. finite direct sums) and all
suspensions.
Let S and T be two strict and full subcategories of D(A). We define S ⋆ T as
a full subcategory of D(A), whose objects are described as follows: M ∈ S ⋆ T if
and only if there is an exact triangle
L→M → N → ΣL,
where L ∈ S and N ∈ T . For any strict and full subcategory R of D(A), one has
R ⋆ (S ⋆ T ) = (R ⋆ S) ⋆ T (see [BBD] or [BVDB, 1.3.10]). Thus, the following
notation is unambiguous:
T ⋆n =


0 forn = 0;
T forn = 1;
n copies︷ ︸︸ ︷
T ⋆ · · · ⋆ T forn ≥ 1.
We refer to the objects of T ⋆n as (n− 1)-fold extensions of objects from T . Define
S ⋄ T = smd(S ⋆ T ). Inductively, we define
〈S〉1 = smd(add(S)), and 〈S〉n = 〈S〉n−1 ⋄ 〈S〉1, n ≥ 2.
Similarly, we define 〈S〉1 = smd(add(S)), 〈S〉n = 〈S〉n−1 ⋄ 〈S〉1, n ≥ 2. We have the
associativity of ⋄ and the formula
C1 ⋄ C2 ⋄ · · · ⋄ Cn = smd(C1 ⋆ · · · ⋆ Cn)
(see [BVDB, Section 2]). Denote 〈S〉 =
⋃
i≥0〈S〉i. For an DG A-module M , its
A-level is defined to be
levelAD(A)(M) = inf{n ∈ N ∪ {0}|M ∈ 〈A〉n}.
This invariant is originally introduced by Avramov, Buchweitz, Iyengar and Miller
in [ABIM]. The A-level of M counts the number of steps required to build M out
of A via triangles in D(A). It is a very important numerical invariant in the study
of the derived category of compact DG A-modules. According to the definition in
[Rou], we define the Rouquier dimension Rouq.dimA of A as the smallest n such
that 〈A〉n = D
c(A). Actually, we have
Rouq.dimA = sup{levelAD(A)(M)|M ∈ D
c(A)}.
Remark 2.2. By [Kur1, Proposition 7.5], we have gh.lenAM +1 ≤ level
A
D(A)(M),
for any M ∈ D(A). Hence l.gh.dimA+ 1 ≤ Rouq.dimA.
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3. some facts on dg polynomial algebras
In this section, we list some useful facts on the structures and classifications of
DG polynomial algebras.
Proposition 3.1. [MGYC, Theorem 3.1] Let (A, ∂A) be a DG polynomial algebra
such that A# = k[x1, x2, · · · , xn] with |xi| = 1, for any i ∈ {1, 2, · · · , n}. Then
there exist some t1, t2, · · · , tn ∈ k such that ∂A is defined by
∂A(xi) =
n∑
j=1
tjxixj =
i−1∑
j=1
tjxjxi + tix
2
i +
n∑
j=i+1
tjxixj ,
for any i ∈ {1, 2, · · · , n}.
It is reasonable to write the DG polynomial algebra A in Proposition 3.1 by
A(t1, t2, · · · , tn). The set of DG polynomial algebras in n degree one variables is
Ω(x1, x2, · · · , xn) = {A(t1, t2, · · · , tn)|ti ∈ k, i = 1, 2, · · · , n} ∼= A
n
k .
When it comes to the isomorphism classes of DG polynomial algebras, we have the
following proposition.
Proposition 3.2. [MGYC, Corollary 4.2] In space Ω(x1, x2, · · · , xn), there are
only two isomorphism classes A(0, 0, · · · , 0) and A(1, 0, · · · , 0).
In general, the cohomology algebra of a DG algebra contains much important
information on its properties (see [AT, DGI]). Proposition 3.2 indicates that the
computations of the cohomology algebra of all non-trivial DG polynomial algebras
in Ω(x1, x2, · · · , xn) can be reduced to the calculation of H(A(1, 0, · · · , 0)). We
have the following proposition (see [MGYC, Proposition 5.1, Theorem 5.2].
Proposition 3.3. The DG polynomial algebra A(1, 0, · · · , 0) has formal property
and its cohomology graded algebra is the polynomial algebra
k[⌈x22⌉, ⌈x2x3⌉, · · · , ⌈x2xn⌉, ⌈x
2
3⌉, · · · , ⌈x3xn⌉, · · · , ⌈x
2
n−1⌉, ⌈xn−1xn⌉, ⌈x
2
n⌉].
By Proposition 3.2 and Proposition 3.3, the following corollary is immediate.
Corollary 3.4. Let A be a DG polynomial algebra in Ω(x1, x2, · · · , xn). Then
H(A) is a polynomial algebra and we have
depthH(A)H(A) = gl.dimH(A) =
{
n(n−1)
2 , if ∂A 6= 0
n, if ∂A = 0.
4. global dimension and dg krull dimension
In this section, we will compute the global dimension, the ghost dimension and
the Rouquier dimension of a DG polynomial algebra in Ω(x1, x2, · · · , xn).
Lemma 4.1. Let A be a connected cochain DG algebra such that clAk is finite.
Then depthH(A)H(A) ≤ clAk. Furthermore, if depthH(A)H(A) = clAk, then we
have
gldimH(A) = depthH(A)H(A) = clAk.
Proof. In [MW3, Theorem 4.8], the author and Wu give a detailed proof for the
same statement, when A is an Adams connected DG algebra. It is easy for one to
check that the proof there also carries through for a general connected cochain DG
algebra. 
Theorem 4.2. Let A be a DG polynomial algebra in Ω(x1, x2, · · · , xn). Then
l.Gl.dimA = clAk = gl.dimH(A) =
{
n, if ∂A = 0
n(n−1)
2 , if ∂A 6= 0.
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Proof. By Corollary 3.4, we have
depthH(A)H(A) = gl.dimH(A) =
{
n(n−1)
2 , if ∂A 6= 0
n, if ∂A = 0.
By Remark 2.1, we have clAk ≤ pdH(A)k = gl.dimH(A) <∞. On the other hand,
clAk ≥ depthH(A)H(A) by Lemma 4.1. Then we get
depthH(A)H(A) = clAk = gl.dimH(A).
Therefore,
l.Gl.dimA = sup{clAM |M ∈ D(A)} ≥ clAk = gl.dimH(A).
By Remark 2.1 again, we have l.Gl.dimA ≤ gl.dimH(A). This implies that
l.Gl.dimA = clAk = gl.dimH(A).

Remark 4.3. For the DG polynomial algebra A in Theorem 4.2, one can similarly
show
r.Gl.dimA = clAopk = gl.dimH(A) =
{
n, if ∂A = 0
n(n−1)
2 , if ∂A 6= 0.
Theorem 4.4. Let A be a DG polynomial algebra in Ω(x1, x2, · · · , xn). Then
DGdimA = n, i.e., the DG Krull dimension of A is independent of the choice of
its differential.
Proof. If ∂A = 0, then any DG prime ideal of A is just the graded prime ideal of
the graded polynomial algebra k[x1, x2, · · · , xn]. Hence
DGdimA = dimk[x1, x2, · · · , xn] = n
in this case. If ∂A 6= 0, then A ∼= A(1, 0, · · · , 0) by Proposition 3.2. Therefore,
DGdimA = DGdimA(1, 0, · · · , 0)
and we only need to compute DGdimA(1, 0, · · · , 0). Visibly, we have
DGdimA(1, 0, · · · , 0) ≤ dimA(1, 0, · · · , 0)# = dim k[x1, x2, · · · , xn] = n
since P# ∈ SpecA(1, 0, · · · , 0)# for any P ∈ DGSpecA(1, 0, · · · , 0). On the other
hand, we have ∂A(1,0,··· ,0)(xi) = x1xi for any i ∈ {1, 2, · · · , n}. So each (x1, · · · , xi)
is a DG prime ideal of A(1, 0, · · · , 0) when i ∈ {1, 2, · · · , n}. Thus
(0) ⊂ (x1) ⊂ (x1, x2) ⊂ · · · ⊂ (x1, · · · , xn)
is a chain of prime ideals of length n and DGdimA(1, 0, · · · , 0) ≥ n. Hence
DGdimA(1, 0, · · · , 0) = n.

5. some basic lemmas
In this section, we assume that A is a connected cochain DG algebra. We list
some fundamental lemmas, which will be used in the studies of ghost dimension
and Rouquier dimension for DG polynomial algebras.
The following lemma can be proved by the so-called Ghost lemma. One can also
see it in [Sch, Lemma 6.7] and [Kur1, Proposition 7.5]. For a detailed proof, we
refer the reader to [Mao, Proposition 4.10].
Lemma 5.1. Suppose that M is a DG A-module. Then M ∈ 〈A〉n if and only if
gh.lenAM ≤ n− 1.
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Remark 5.2. By Lemma 5.1, one sees that gh.lenAM = n − 1 if and only if
M ∈ 〈A〉n and M 6∈ 〈A〉n−1, i.e., gh.lenAM = inf{n− 1|M ∈ 〈A〉n}.
Lemma 5.3. For any DG A-module M , clAM = n if and only if M is an object
in add(A)
⋆n+1
but not in add(A)
⋆n
.
Proof. We only need to show that M ∈ add(A)
⋆n+1
if and only if clAM ≤ n.
If clAM = l ≤ n, then M admits a semi-free resolution F , which has a strictly
increasing semi-free filtration
0 = F (−1) ⊂ F (0) ⊂ · · · ⊂ F (i) ⊂ F (i+ 1) ⊂ · · · ⊂ F (l) = F
of length l. This yields a sequence of short exact sequences
0→ F (i − 1)→ F (i)→ F (i)/F (i− 1)→ 0, 1 ≤ i ≤ l.
Since F (0) and F (i)/F (i − 1), i ≥ 1 are in add(A), induction shows that F is in
add(A)
⋆l+1
. Hence M is an object in add(A)
⋆n+1
.
Conversely, let M be an object in add(A)
⋆n+1
for some n ≥ 0. We will prove
clAM ≤ n by induction on n. For n = 0, the assertion is evident. For n ≥ 1, there
exists an exact triangle
L
ε
→ N →M → ΣL,
where L and N are in add(A) and add(A)
⋆n
respectively. Since L is in add(A),
the DG morphism ε can be represented by a DG morphism ε′ : FL → FN , where
FL is a direct sum of shifted copies of A and FN is a semi-free resolution of N with
a strictly increasing semi-free filtration
0 = FN (−1) ⊂ FN (0) ⊂ · · · ⊂ FN (i) ⊂ · · · ⊂ FN (n) = FN
of length n. Clearly, M ∼= Cone(ε′) in D(A). We have the following cone exact
sequence
0→ FN
φ
→ Cone(ε′)→ ΣFL → 0.
Since φ is an injective DG morphism,
0 ⊂ φ(FN (0)) ⊂ · · · ⊂ φ(FN (i)) ⊂ · · · ⊂ φ(FN (n)) ⊂ Cone(ε
′)
is a strictly semi-free filtration of Cone(ε′) of length n. Since Cone(ε′) ∼= M in
D(A), we have clAM ≤ n. 
Remark 5.4. For any n ∈ N, we have add(A)
⋆n
⊂ 〈A〉n. So Lemma 5.1 and
Lemma 5.3 imply gh.lenAM ≤ clAM . Then
l.gh.dimA = sup{gh.lenAM |M ∈ D
c(A)}
≤ sup{clAM |M ∈ D
c(A)}
≤ sup{clAM |M ∈ D(A)} = l.Gl.dimA.
Lemma 5.5. Let A be a connected cochain DG algebra such that H(A) is a left
Noetherian graded algebra. Then
Rouq.dimA ≤ gl.dimH(A) + 1.
Proof. If gl.dimH(A) = +∞, then the inequality holds obviously. We only need
to consider the case that gl.dimH(A) < +∞. For any M ∈ Dc(A), we have
pdH(A)H(M) ≤ gl.dimH(A) < +∞. Set d = pdH(A)H(M). The left graded
H(A)-module H(M) is finitely generated since M ∈ Dc(A). Thus H(M) admits a
finitely generated minimal free resolution
· · · 0→ H(A)⊗ Vd
∂d→ · · ·
∂2→ H(A) ⊗ V1
∂1→ H(A)⊗ V0
ε
→ H(M)→ 0,(1)
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where each Vi is a finite-dimensional vector space. By [FHT, Proposition 20.11 ],
the resolution (1) induces a semi-free resolution F , which is called Eilenberg-Moore
resolution, of M . From the proof of [FHT, Proposition 20.11 ], one sees that
F# =
d⊕
i=0
A# ⊗ ΣiVi,
and F admits a semi-free filtration
0 = F (−1) ⊂ F (0) ⊂ F (1) ⊂ · · · ⊂ F (d− 1) ⊂ F (d) = F,
where each F (i)/F (i−1) = A⊗ΣiVi, i = 1, 2, · · · , d. The semi-free filtration above
yields a sequence of short exact sequences
0→ F (i− 1)→ F (i)→ F (i)/F (i− 1)→ 0, 1 ≤ i ≤ d.
Since each F (i)/F (i − 1) = A ⊗ Vi ∈ add(A), we prove F ∈ add(A)
⋆(d+1) by
induction. Since add(A) ⋆(d+1) ⊂ 〈A〉d+1, we show that M ∈ 〈A〉d+1 and then
Dc(A) ⊂ 〈A〉d+1. Therefore, Rouq.dimA ≤ gl.dimH(A) + 1.

Lemma 5.6. [Rou, Corollary 3.13] Let E be a subcategory or just a set of some
objects of Dc(A). Then Dc(A) ∩ 〈E〉i = 〈E〉i, i ≥ 0.
Lemma 5.7. For any M ∈ Dc(A), we have gh.lenAM = level
A
D(A)(M) − 1. And
hence l.gh.dimA+ 1 = Rouq.dimA.
Proof. We have
gh.lenAM
(a)
= inf{n− 1|M ∈ 〈A〉n}
= inf{n− 1|M ∈ Dc(A) ∩ 〈A〉n}
(b)
= inf{n− 1|M ∈ 〈A〉n}
= inf{n|M ∈ 〈A〉n} − 1
= levelAD(A)(M)− 1,
where (a) and (b) are obtained by Remark 5.2 and Lemma 5.6, respectively. Then
Rouq.dimA = sup{levelAD(A)(M)|M ∈ D
c(A)}
= sup{gh.lenAM + 1|M ∈ D
c(A)}
= sup{gh.lenAM |M ∈ D
c(A)} + 1
= l.gh.dimA+ 1.

6. ghost dimension and rouquier dimension
In this section, we determine the ghost dimension and the Rouquier dimension
of DG polynomial algebras. To achieve this goal, we need the following lemma.
Lemma 6.1. [ABIM, Theorem 5.1] Let A be a DG algebra with zero differential
and U a DG A-module. If the ring A# is a commutative, Noetherian algebra over a
field, then levelAD(A)(U) ≥ heightI +1, where I is the annihilator of the A
#-module
H(U).
Applying Lemma 6.1 and the listed lemmas in the previous section, we can prove
the following theorem.
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Theorem 6.2. Let A be a DG polynomial algebra in Ω(x1, x2, · · · , xn). Then
gh.lenAk = clAk = level
A
D(A)(k)− 1 and
l.gh.dim(A) + 1 = Rouq.dimA =
{
n+ 1, if ∂A = 0,
n(n−1)
2 + 1, if ∂A 6= 0.
Proof. By Theorem 4.2, we have
l.Gl.dimA = clAk = gl.dimH(A) = pdH(A)k =
{
n, if ∂A = 0
n(n−1)
2 , if ∂A 6= 0.
By Remark 5.4 and Lemma 5.7, we have
gh.lenAk = level
A
D(A)(k)− 1 ≤ clAk = pdH(A)k.
If ∂A = 0, then H(A) = A and we have
levelAD(A)(k) = level
H(A)
D(H(A))(k) ≥ height(AnnH(A)k) + 1 = n+ 1
by Lemma 6.1. Therefore, gh.lenAk = level
A
D(A)(k)− 1 = n.
If ∂A 6= 0, then A ∼= A(1, 0, · · · , 0) by Proposition 3.2. By Proposition 3.3,
A(1, 0, · · · , 0) has formal property and H(A(1, 0, · · · , 0)) is the polynomial algebra
k[⌈x22⌉, ⌈x2x3⌉, · · · , ⌈x2xn⌉, ⌈x
2
3⌉, · · · , ⌈x3xn⌉, · · · , ⌈x
2
n−1⌉, ⌈xn−1xn⌉, ⌈x
2
n⌉].
Therefore, A is also formal and
pdH(A)k = gl.dimH(A) = height(AnnH(A)k) =
n(n− 1)
2
.
By the definition of formality, A can be connected with the trivial DG algebra
(H(A), 0) by a zig-zag ←→← · · · → of quasi-isomorphisms. This implies that
levelAD(A)(k) = level
H(A)
D(H(A))(k).
On the other hand, we have
level
H(A)
D(H(A))(k) ≥ height(AnnH(A)k) + 1 =
n(n− 1)
2
+ 1
by Lemma 6.1. So we also have gh.lenAk = level
A
D(A)(k) − 1 = clAk = pdH(A)k if
∂A 6= 0.
In both cases, we have
Rouq.dimA
(c)
= l.gh.dim(A) + 1
= sup{gh.lenAM |M ∈ D
c(A)} + 1
≥ gh.lenAk + 1
= pdH(A)k + 1,
where (c) is obtained by Lemma 5.7. On the other hand,
Rouq.dimA ≤ gl.dimH(A) + 1 = pdH(A)k + 1
by Lemma 5.5. Then
Rouq.dimA = l.gh.dim(A) + 1 = pdH(A)k + 1 =
{
n+ 1, if ∂A = 0,
n(n−1)
2 + 1, if ∂A 6= 0.

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